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Abstract. In this paper a novel technique for random vector sampling starting from rare data is presented.
This model-free sampling technique is developed to operate without a probabilistic model. Instead of es-
timating a distribution function, the information contained in a given small sample is extracted directly
to produce the sampling result as a second sample of considerably larger size that completely reflects the
properties of the original small sample. As a further enhancement, the new sampling technique is extended
to processing imprecise data.

Model-free sampling can be coupled to stochastic structural analysis and safety assessment by appli-
cation to input data or to result data. In the case of limited data, for instance, due to a high numerical cost
of the underlying computational model, the novel technique can be applied to generate a proper estimation
of stochastic structural responses and, thanks to a sound reproduction of distribution tails, of structural
reliability. In this context it can provide a basis for increasing the numerical efficiency of Monte Carlo
simulations in computational stochastic mechanics.

The usefulness of the model-free sampling technique is underlined by means of numerical examples.

Keywords: Sampling; Monte Carlo simulation; Imprecise data; Fuzzy randomness; Uncertain structural
analysis; Safety assessment.

1. Introduction

Simulation techniques often offer the only possibility for solving problems in which random properties
must be taken into account. Indeed, Monte-Carlo simulation and further developments thereof have become
versatile tools for solving a variety of problems in a wide range of engineering disciplines, see (Schuéller
and Spanos, 2001).

An essential precondition for obtaining realistic results from a simulation is the availability of statistically-
validated probability distributions for the input variables. The specification of these distributions thus plays
an essential role, see (Schuéller, 2001b). For determining reliably parameters and forms of probability
distributions, extensive data in the form of samples are required. This enables using well-developed and
sophisticated methods of statistical estimation theory and test theory, which operate parametrically or non-
parametrically (Mood et al., 1974). Further, the numerical procedure for processing the specified random
quantities in structural analysis and safety assessment must be computationally efficient to enable the
stochastic analysis of large and nonlinear systems (Schenk et al., 2005; Schenk and Schuéller, 2005;
Schuéller et al., 2003). Only if a sufficient amount of structural response data is produced, their stochastic
properties can be identified reliably, and failure probabilities can be estimated appropriately with the aid of
statistical methods.
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In any case, problems may primarily occur in the following three situations. First, the available infor-
mation is limited in the form of small samples (Problem I). Second, structural response data can only be
produced to a limited extent due to a high computational cost in analyzing the underlying structural problem
in correspondence with the simulation of random input quantities (Problem II). Third, the sample elements
are characterized by uncertainty or imprecision (Problem III). As a result, probability distributions for input
variables and structural responses, or probabilities of defined events such as structural failure cannot be
specified to a sufficient degree of reliability.

1.1. PROBLEM I — SMALL SAMPLES

In this case statistical estimations and tests based on small samples may yield vague and ambiguous results.
For an appropriate level of confidence wide intervals for the estimated values are obtained. The variety of
possible probabilistic models can almost not sufficiently narrowed with the aid of tests. This applies, in
particular, if the distribution type is not pure in the form of a compound or multimodal distribution, or if
general, for example nonlinear, dependencies in multi-dimensional cases are present. The less information
the sample contains the more subjectivity is introduced with the specification of a certain probabilistic
model. On the other hand, there is no evidence that the information that is actually contained in the sample
is extracted completely but only to a certain degree. The results obtained on such basis may vary dramat-
ically. Approaches to remedy this problem aim at determining bounds for the possible range of stochastic
models and prognoses. A distiction can be made here between pure probabilistic methods (Deodatis et al.,
2003; Papadopoulos et al., 2005; Red-Horse and Benjamin, 2004), which are focused on finding the bounds
with different externally applied search strategies, and methods based on extended uncertainty models such
as p-box (Berleant and Zhang, 2004), random sets (Hall and Lawry, 2004; Tonon et al., 2000), sets of
probability measures (Fetz and Oberguggenberger, 2004), or fuzzy randomness (Moller and Beer, 2004),
which cover the possible range of probabilistic models at once and intrinsically contain the search for
probabilistic bounds. For this intrinsic search, a generally applicable and numerically efficient optimization
algorithm has been developed as modified evolution strategy (Moller et al., 2000), the usefulness of which
has already been shown, for example, in safety assessments coupled to a nonlinear structural analysis (Moller
et al., 2003). Moreover, the model of fuzzy randomness provides a basis for an evaluation of those problems
on several levels of subjective confidence in an encapsulated manner. Further, a variety of methods based on
Bayesian theory (Bernardo and Smith, 1994) can be employed if subjective information is available beyond
the small sample.

1.2. PROBLEM II — HIGH COMPUTATIONAL COST

The solution to Problem II comprises a wide variety of methods to increase numerical efficiency of stochastic
structural analysis and safety assessment (Schuéller, 2001a). The corresponding developments primarily
concern enhancements in Stochastic Finite Element Methods and in the numerical simulation of stochastic
processes, which have already reached practical relevance in solving engineering problems (Ghanem and
Spanos, 1991; Schenk and Schuéller, 2005). Their practical applicability substantially hinges on an efficient
representation of the random input quantities. In this context, spectral representations of stochastic processes
have attracted considerable attention, which particularly refers to Karhunen-Loéve or Polynomial Chaos
expansion (Du et al., 2005; Field Jr. and Grigoriu, 2004; Gutierrez and Zaldivar, 2000; Phoon et al., 2005;
Schuéller et al., 2003; Spanos and Ghanem, 1989). For reliability analysis, which focuses on rare events,
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further efficiency improvements of simulation techniques are pursued. Among several strategies, the class of
variance reducing methods such as Importance Sampling and variants thereof (Rackwitz, 2001; Schuéller,
2001a) probably represents the most popular kind of approaches. As these developments are not directly
related to the approach pursued in this paper but only act as a motivation, their consideration is not extended
at this point.

1.3. PROBLEM III — IMPRECISE DATA

This problem exceeds the limits of traditional methods in uncertainty quantification and processing, and rep-
resents a reasearch field of increasing interest. Traditionally, imprecision or uncertainty of sample elements
is either neglected totally or taken into account approximately by selecting "probably adverse values” with
respect to structural responses and safety measures from a possible value range. However, the actual impact
of such a selection of input parameters can generally not be evaluated at the pre-stage of a simulation.
On the other hand, the question arises as to how to model that uncertainty or imprecision realistically.
It appears, for example, in situations in which the precision of measuring devices is strongly limited,
the measuring points cannot be defined precisely (rough surfaces in thickness measurements), the expert
evaluations influence the value specification, the measured values are gained under dubious conditions, and
linguistic assessments are accounted for. In those cases the data possess random properties and non-random
properties simultaneously. A pure probabilistic solution by applying the aforementioned approaches for
dealing with limited information in the form of small samples is thus somewhat critical. Only Bayesian
methods (Bernardo and Smith, 1994) are capable of incorporating subjective uncertainty, but still in terms of
probability, which contradicts the non-random nature of some information. For a more pertinent uncertainty
modeling in the case of non-probabilistic phenomena generalized uncertainty models have been developed
(Fellin et al., 2005; Helton and Oberkampf, 2004), which are related to or covered by the framework
of evidence theory. A comprehensive direct modeling of the imprecision or uncertainty of the individual
elements of a random sample can be realized with the aid of a fuzzy randomness approach (Méller and Beer,
2004). Statistical investigations of uncertain or imprecise data and of properties of fuzzy random variables
are, to a great extend, in an initial stage of development. Related research in this regard may be found
in (Bandemer and Nither, 1992), in (Viertl, 1996), and in (Korner, 1997). These developments concern
the analysis of imprecise data, the definition of statistical parameters, and the investigation of statistical
laws for fuzzy random variables. Publications discussing the simulation of fuzzy randomness are rare. An
approach evaluating fuzzy probability distribution functions on a trajectory-by-trajectory basis is presented
in (Sickert et al., 2003). Numerical investigations of statistical properties of fuzzy random variables based
on simulation are discussed in (Colubi et al., 2002). However, these methods require prior knowledge about
the fuzzy probability distributions or the fuzziness of the realizations to be generated. General techniques
for generating fuzzy realizations of fuzzy random variables are not known at the present time. Moreover,
the application of traditional sampling methods to the numerical generation of fuzzy realizations encounters
considerable difficulties. For instance, the numerical effort for estimating fuzzy parameters and fuzzy prob-
ability distributions from fuzzy-valued samples (fuzzy samples) is significantly high, in particular, when
interaction between the fuzzy parameters is taken into account. Further, the simulation of fuzzy realizations
starting from fuzzy probability distribution functions is not unique. That is, different fuzzy samples may have
identical empirical fuzzy probability distribution functions. These conflicts hinder the pursuing of traditional
sampling and simulation approaches.
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1.4. SOLUTION IDEA

Despite considerable developments in answering the aforementioned three problems, an overall satisfying
solution does not exist. In the following an attempt is made to develop a basis for a sampling technique
to improve uncertainty processing in structural analysis and safety assessment in those problematic cases.
The novel sampling technique is intended to circumvent an explicit specification of a probabilistic model,
which avoids an introduction of subjectivity and motivates its denotation as model-free sampling”. Further,
it should be capable of attaining appropriate results starting from samples of small size that may consist of
uncertain or imprecise data.

The development starts from the basic statistical assumption that all information is contained in the
sample. On the basis of a small sample a second sample of considerably larger size is numerically generated
that completely reflects the statistical properties and uncertainty characteristics of the original small sample.
This sampling technique can be applied to rare input data as well as to rare result data of a stochastic
structural analysis and might thus be helpful as a preprocessor or as a postprocessor in combination with
established simulation methods in diverse cases to improve estimations of stochastic structural responses
and of structural reliability, and to increase the numerical efficiency of the computations. For enhancing the
model-free sampling technique to processing imprecise data the generalized uncertainty model fuzzy ran-
domness is taken as a basis, which enables to transfer stochastic uncertainty and non-stochastic uncertainty
of the input data completely and simultaneously to the results of structural analysis and safety assessment.
Finally, predictions of uncertain stochastic structural responses and of uncertain structural reliability are
obtained.

2. Numerical Procedure

The basic concept of the model-free sampling technique is to generate the sampling result directly from a
given sample instead of estimating a probability distribution and performing the sampling according to this.
The characteristics of a population are described by a sufficiently large sample. As the mathematical model
of a distribution function is not employed herein, conventional statistical estimations are dispensed with.
The concept of statistical estimation is applied in a generalized sense.

The starting point is the observed sample

So = {sos i=1, ..., m0} (1)

of size ng as a set of realizations sy; = X;; in R"of the underlying continuous random vector X, with
unknown properties. A second concrete sample

S, = {ng, k=1, .., nl} 2)

of a considerably larger size n; >> ng is then sought that represents the original sample 5, "as well as
possible". That is, the new sample .S is expected to exhibit statistical characteristics "comparable" to 9.
This is realized by the following heuristic iterative approach with the superscript [ indicating the iteration
step.
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1. The starting point is an arbitrary estimate

wn

S =l k=1, m} 3)

for the sample 5. This is broadly specified without consideration of the information contained in the
observed sample S,. All sample elements §[10]k = z[lo]k of S [10} should possess the same information

content. That is, they should exhibit the same probability density fl[O] in their immediate surroundings,

[ sy as = [ (sl +e) as 4
llol<llell lall<llll

v§[ff]p, §[B]q e s el < 1.
This leads to the specification of S [10} by continuous uniform distribution over a sufficiently large (phys-
ically meaningful), bounded domain D C R" of possible (not excludable) realizations of the random
vector X, represented by S,

(X, ~ U(D)) — S{. ©)

2. The sample S [10] is compared with the observed sample .S,. The purpose of this comparison is to obtain

a measure G for the statistical dissimilarity between the samples S [10] and S. For this dissimilarity
measure, a real valued function

Gl =g (8o, 81') = (8o, 8) — R ©)

is selected which yields a global minimum for Gl if the samples S [1'] and S, are "as similar as possible”

in a statistical sense. That is, Gl is intended to be minimal if S [1']

population X with probability one,

and S originate from the same

P(§OCX/\§[1‘]CX)—>1 — Gl = MIN. 0

Due to the fact that intended application is for samples consisting of imprecise data, established statis-
tical test methods cannot be implemented.

3. The sample S [10} is modified in such a way that a subset
o~ _ [0~ [0~ [0]
§1 = {gl,kﬁ ceey §17km1} C §1 ¢))
of m; elements §[10}k7 (stipulated number with m; < ny) are specified by discrete uniform distribution

over the indices k of the elements §[10,L of 17,

(X_ ~ U(l, 2, teey Hl)) — {kl, kg, ceny kml}, (9)
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and are removed from S [10] to obtain the reduced sample

Py =8\ s (10)

As an replacement for the removed elements §[10L_, a set

o)+ o o
- (L)
[0]*+

of m; new elements §10k are generated randomly — again with the aid of a uniform distribution over the
domain D of possible realizations specified in Step 1,

+
(Xi ~ U(D)) — S} (12)
Their union with the reduced sample .S [ﬂe q then yields the modified sample
st =8P, u st (13)

Then, the measure value G is computed for the modified sample S [11].

. The measure values G[! and Gl are compared. If G > GIY it is concluded that the modification in
Step 3 has not led to an improved estimation for §;. The modification is then nullified,

+ —
s = (s sy u st (14)

and a repeat modification of S [10] is carried out according to Step 3. If Gl < G[O], on the other hand, the

modified sample S [11] yields an improved estimation compared with S [10}. The sample S [11] is then taken
as the basis for the next iteration step and modified anew according to the rules in Step 3 to produce
S [12}. Again, the result is assessed. This procedure is repeated with an iteration counter r for successful
modifications,

St =L s s (15)
= ({1 s s PV sl s )
TRE T (i

until it is no longer possible to obtain an improvement of S beyond S [1r]. The dissimilarity measure ely
then attains its minimum value. As the configuration of .S that corresponds to the minimum of Gl can
only be realized with probability zero (continuous case), a termination limit is defined for the probability
with which an improvement can be obtained. The iteration is terminated if the average success rate of
modifications attains a predefined and sufficiently small value. Finally, the sample 5 [lr*] obtained from
the last successful modification is taken as the sampling result,

S, =8 (16)
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The random modifications of S [f] within the iteration ensure that the goal sample S is obtained as a random
sample in consistency with established sampling principles. By virtue of its general concept the model-free
sampling technique is a priori not limited in its applicability.

3. Real-Valued Samples

The model-free sampling technique is developed first, to apply for processing real-valued samples. The
samples are deemed real-valued in the sense that their elements are denoted by scalars or vectors consisting
of real numbers. This enables assessing the sampling results with the aid of established test methods. In this
manner, the effectiveness of the model-free sampling may be evaluated.

3.1. BASIC ASPECTS

The critical point of the proposed technique is to formulate an appropriate function for characterizing the

statistical dissimilarity Gl! between the samples S [1'] and S in each iteration step r (see Step 2 in Section
2). This function Gl according to Eq. (6) is required to possess the following four general properties:

1. The measure Gl! and established statistical test methods (homogeneity tests) must lead to basically

analogous propositions regarding the statistical dissimilarity between .S [1'] and . These propositions
must be free of contradictions.

2. The mathematical formulation of the dissimilarity measure G} must be extendable to apply for impre-
cise data in the form of fuzzy-valued samples. That is, the mathematical operations used in the definition
of Gl for the real-valued case must possess appropriate counterparts in fuzzy arithmetics.

3. Gl is required to decrease at least tendentiously with decreasing statistical dissimilarity between S [1']

and S. For samples S [1'] and S, originating from the same population the measure Gl should take its
global minimum value, see Eq. (7).

4. The mathematical structure of the measure Gl should be as simple as possible to ensure a fast numerical
evaluation and thus to keep the computational cost reasonably low.

To develop a measure Gl that satisfies these requirements the following theoretical experiment is consid-
ered.

According to statistical estimation theory it is assumed that all available information is contained in the
observed sample S. Then, the best description of Sy is its empirical distribution function F(;O) (x), as
it is a complete and unique representation of the information in S,. Moreover, in inferential statistics,
the empirical distribution function is one of the most powerful estimators. If this ¥ gz) (x) is taken as the
basis for sampling to numerically generate the sample S, , and no smoothing is applied, the resulting
sample S| and the observed sample S\, possess identical empirical distributions (in the limit),

lim F§ (x) = F§) (x). (17)

ny—oo =1
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This corresponds to two significant properties of the samples S and S| with respect to each other. First,
the positions of the elements of S, and S coincide. Second, each element of S has the same number
of uniquely assigned elements from the sampling result S,. In the case of an underlying continuous
random variable and an accordingly slightly smoothed empirical distribution Fgeg (x), the elements
of the sampling result S| are obtained in a close neighborhood of the elements of S, o with the same
assignment property. Sampling results generated in this manner are high quality representations of the
underlying sample Sy as may be shown by applying a variety of two-sample tests of homogeneity.

The measure Gl is thus formulated based on the configuration of the sampling result S 1 from the theoretical
]

experiment. This provides two criteria for monitoring the dissimilarity Gl between S [1
defined as an assignment criterion and a distance criterion.

and S, which are

3.2. ASSIGNMENT CRITERION

The assignment criterion evaluates some order in the element configuration in the samples S [1'] and S, with
respect to each other. Each element s ;, i = 1, ..., ng from sample S, is supposed to have the same number
Nass (5071> of uniquely assigned elements §Hk, k =1, ..., n; from sample S [1']. The element assignment is

defined on the basis of the Euclidean distance

(18)

. LY |l
d (s04, 8% = st = sos
between the respective elements §[1'}k and Sp ;- For each §[']k one assigned element S0.i (§[1
with

]

)

k) is determined

S0,i (E[l}k> =50, | d (§0,i7 §[1']k) = min [d (§0,i’ §[1}k)} ) (19)

i=1,...,n1
see Figure 1. If Eq. (19) leads to a multiple assignment of elements s ; to the same §[1.]k’ which occurs
with probability zero in the continuous case but can appear in the numerical procedure due to limited
computational precision, the element s, ; with the smallest index i is selected for the assignment. The number

Nass (§0,1> may then be obtained by means of an indicator function,

e (507) = D01 (505 581 0)
k=1

I(@o,i, §[ﬂk) = { (1] ftsgrw :isio,i (ﬁ[l]k) , (21)

The target value for the number n,s (§07i) is given by the ratio of the sample sizes n; and ny,

ntargct (§O,i) — E (22)

ass 110
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A x ® clements s, from S,
X elements s! from S!"
—— distances d(s,(s1}), S1))

nass(§0,4) =7

n355(§0v5) =9 nass(§0,2) =8

nass(§0,3) =4 Xy

Figure 1. Assignment of sample elements

The assignment criterion is then defined as the total sum of the quadratic differences between the actual

numbers N (§07i) and the target value nf2&et <§O,i)’

n 2
(ﬁ:iéw@m_$>:Mm. 23)
i=1

The smallest possible value of C[l' ] depends on the sample sizes n; and ng. With the parameter

aeNJ|a-ng<n;<(a+1)-ng (24)

this limit is 1
min_ Cp = —— (a-ng — n1)2 +1n; —a-ng (25)

ng

In the special case that the size njof sample S [1'] is a whole multiple of the size ng of .S, the value min_C;

is equal to zero.

3.3. DISTANCE CRITERION

The distance criterion supplements the assignment criterion by additionally evaluating the particular posi-
tions of the sample elements §Hk and s ; (§Hk> with respect to each other. The distances between assigned

sample elements are supposed to be as small as possible. Specifically,
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ni 9
C5 =3 d (so5 (s1) - i) = MIN, (26)
k=1
with s ; (g”k) specifying the assignment of §[1']k to s ; determined with Eq. (19), see Figure 1. The smallest
possible value of the distance criterion is zero.

3.4. COMPOSING THE DISSIMILARITY MEASURE

To define the dissimilarity measure Gl for real-valued samples S [1'] and S, the assignment criterion accord-
ing to Eq. (23) and the distance criterion according to Eq. (26) are combined. As a standard formulation, the
quantity

all = /¢ + ¢l 27)
is selected. An extension of Eq. (27) by introducing weighting factors for the criteria C[l'] and CL! has

been investigated in several numerical tests; it has not been found particularly effective for improving the
simulation results.

3.5. ASSEMBLING THE ITERATION PROCEDURE

The dissimilarity measure Gl in Eq. (27) is implemented into the numerical procedure according to Steps
1 through 4 in Section 2. Moreover, the number m; of elements, see Step 3, which are modified in each
iteration step, is not held constant during the iteration but varied frequently by a random selection of m;
from a predefined range of values [a, b] with the aid of a discrete uniform distribution,

(Xp; ~U(a,a+1,....,b—1,b)) - my, a,beN. (28)

As an alternative to the random generation of the m; new elements with the aid of a uniform distribution

(Sé[)r] (x) of the sample S [f] from
21

the last successful modification r can be used for a kind of bootstrap sampling,

according to Eq. (12), the (slightly smoothed) current empirical distribution F

(% ~F ) - st 29)
27

In this manner, use is made of the statistical information already gathered in S [f] during the iteration, which

leads to an increase of numerical efficiency. The termination limit in Step 4 is chosen to be 2% and is applied
to the moving average of the recent 100 successful iteration steps.

4. Samples of Imprecise Data

4.1. MODELING IMPRECISE DATA

For dealing with imprecise data, we must select a suitable data model that combines the benefits of the
well-established probabilistic approach with an appropriate modeling of non-frequentative uncertainty or
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imprecision. From the class of available uncertainty models in this context, the concept of fuzzy random
variables originally presented in (Kwakernaak, 1978) is selected for further investigation. This model pos-
sesses the advantage of simultaneously covering the models of real-valued random variables, intervals, fuzzy
sets, rough sets, random sets, and convex models as special cases.

To define a fuzzy random variable the probability space [X, &, P] is extended by the dimension
fuzziness. If the space of the random elementary events, as in probabilistics, is described by (2, a fuzzy
random vector X on the fundamental set X = R™ may be defined as the fuzzy result of the mapping

O — F(RY) (30)

where F (R") is the set of all fuzzy numbers in R™. An ordered n-tupel of fuzzy numbers X; is assigned to
each (crisp) elementary event w € €2. Every n-tupel X (w) = (X1, ..., X,) C X is a realization of the fuzzy
random vector X. Both objective and subjective information are accounted for simultaneously. The theory
of fuzzy random variables permits the modeling of uncertain structural parameters which partly exhibit
randomness but which cannot be described using real-valued random variables without an element of doubt.
The randomness is "disturbed" by a fuzziness component.

A comprehensive discussion on fuzzy randomness particularly with regard to engineering problems
may be found in (Moller and Beer, 2004). In this context the concepts of fuzzy structural analysis, see also
(Moller et al., 2000), and fuzzy probabilistic safety assessment, see also (Moller et al., 2003), describe
the processing of uncertain structural parameters with the aid of numerical procedures. This basis ensures
an appropriate evaluation or further processing of the results from model-free sampling of fuzzy random
variables within the framework of structural analysis and safety assessment.

The model-free sampling technique is extended to apply for fuzzy samples by implementing the un-
certainty model fuzzy randomness into the basic procedure according to Section 2. Due to the generalized
character of this uncertainty model, the capability of processing real-valued samples is hereby preserved as
a special case.

4.2. EXTENSION OF CRITERIA C[i] AND C[Q'}

As the starting point for the extension of the model-free sampling technique to processing imprecise data,
these data are described with the aid of Fuzzy Set Theory (Zimmermann, 1992). Each imprecise observation,
which represents a sample element as a realization of an underlying fuzzy random vector X, is modeled as
a normalized fuzzy set or fuzzy vector § = x € F (R") with the membership function 1 (s), see Figure 2.
The real-valued samples 5, and S from Eqgs. (1) and (2) therewith become fuzzy samples,

S = {so,i, i=1, .., no}, 31)

8 = {810 k=1, ., m}, (32)

with the underlying fuzzy random vector XO for S, 0

The processing of the fuzzy samples SO and S [1'] within the procedure according to Steps 1 through 4 in

Section 2 requires the extension of the dissimilarity measure Gl and thus of the criteria C[l'] and C[Q'] to apply

for fuzzy vectors 504 and 8 Hk as elements of S o and S [1']. As a basis a suitable replacement for the Euclidean
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distance d (§07i, §[1']k) in Eq. (18) must be introduced as a distance measure between fuzzy vectors § ; and

S[l]k For this purpose the fuzzy vectors §; and S[l}k are represented with the aid of «a-discretization, see

Figure 2. For a sufficiently high number of a-levels the fuzzy vectors § ; and 5[1 ]k are completely described

[]

by the sets of their a-level sets sy ; , and 5", ,, respectively. Specifically, for real numbers o € (0, 1],

S0,i,0= {§ €R™ g, (8) > } , (33)
S 0= {S eRY|ug () 2@ } : (34)
and
So,i = {(ﬁo,i,m sy (éo,i,a)> | f1s, ; (S0,1,0)= @V @ € (0, 1]} , (35)
S ={ (s g () ) Dy ()= ava e .11} (36)
M(s)
1.0+

fuzzy variable s

membership
function pg(s)

0.0

Sui

Sur S
a-level set s,

Figure 2. a-discretization of a fuzzy variable

On this basis, the distance dp (So,i, g[l']k) between the fuzzy vectors s ; and S[l']k may be defined by

recombining the distances dy (@0’170‘, §[1'}k a) between the associated a-level sets s ; , and E[i}k ., (for the
same a-level). Specifically, the metric

a=1

dr (305 8h) = [ i (s0100 st0) da (37)
a=-+0

is applied, see (Korner, 1997), which makes use of the Hausdorff metric

dy (§0,i,ou E[l']k,a) = max {dgl,i,k7 dgz,i,k} ;
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[] [] _ ;
dHl,i,k 804,00 81 k) = SUP inf  [d(sg, 81)], (33)
50€80,i,a 5168, 1 o
[] [] _ :
dizg ik (8000 ST k) =  SUD s eﬂslf [d (80, 81)] »
s €§[1.7]k,a 20<20,i,a

between the associated a-level sets s ; , and §Hk ., With d (sg, s;) being the Euclidean distance between

crisp elements s, and s; from s ; ., and §[1' ]k > respectively, see Figure 3. The outcome of Eq. (38) and hence
the distance dg (SOJ, S[l'}k) from Eq. (37) are crisp values, which can be directly applied in Egs. (19) and
(26) to eventually compute criteria C[l'] and C[Q'].

The application of criteria C[l'] and C[Q'] to evaluate the dissimilarity of fuzzy-valued samples enables
a consideration of the order in the element configuration and the distance between the respective sample

elements. Dissimilarities in the fuzziness of the elements So,i and S[l'}k, however, are taken into account only

to a partial degree. In addition to the criteria C[l'] and Cg], the fuzziness of the realizations provides a basis
for a third dissimilarity criterion.

S - K
sup, inf  [d(so, 84)]
Soia S$1€ S1ka So € Soje

Figure 3. Hausdorff metric applied to a-level sets

4.3. FUZZINESS CRITERION

The fuzziness criterion evaluates the matching in the fuzziness of the respective fuzzy sample elements

Sp,; and s[l’]k. Fuzzy sample elements that are assigned to each other according to the assignment rule Eq
(19) are supposed to exhibit the same fuzziness. For this purpose, the fuzziness of the sample elements is
computed with an analog to Shannon’s entropy applied to the membership functions (s ;) = ps, i(§) and

[

pisyy) = [ 1) (s) of 89 and S[l']k, respectively. For the fuzzy vector §, this uncertainty measure is defined as
’ S1k ? El

o = —k- [g(u(s) ds,

g(u(s) = p(s) In(u(s)+ (L—pu(s) In(l—pu(s)). (39)
And the fuzziness criterion is
ng 2
il =3 (Hu (805 (87%) ) — Hu (87%)) " = MIN. (40)
k=1
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]

For a "perfect matching", the fuzziness criterion C:[g' becomes zero.

4.4, PROCEDURE FEATURES FOR IMPRECISE DATA

The generation and the iterative modification of a fuzzy sample S [1'} require not only determining the position

[

of the sample elements s[l']k but also specifying their membership functions j(s;") ). New fuzzy realizations

SHk are generated in the following three steps.

1. The mean values

§[1.]k,,u:1 = §[1€k € S[l]k | M(ﬁ[ﬂk) =1 (41)

of the fuzzy sample elements 5[1 ]k (different from the definition of a statistical mean value, see (Zimmer-

mann, 1992)) are specified analogous to the crisp sample elements §Hk of the § L] in Egs. (5), (12), and
(29). That is, the initialization is realized with

(X; ~U(D)) = {8} ey k=1, ey mi (42)
and during the iteration
|+
Xy ~ UD)) = {8l mrs k=K1, oo ke, } 43)
or, alternatively,
& r]
<X1 ~ Fg[j] 1 (x)) = {E[L]k’#:l, k=ki, ... kml} (44)
S

are applied, in which Ff:?r] (x) represents the smoothed empirical distribution of the mean values
=1,u=1

§[11:}k7 =1 in the fuzzy sample S [f] in iteration step .

2. The fuzziness H, (S[l]k> is determined by means of a logarithmic normal distribution F(1°%) (Hy) es-

timated from the fuzziness H, (So,i> of the fuzzy sample elements §; in the observed fuzzy sample
S{)e

{Hu (5071) Ci=1, . ng} — Fo8) (11,) (45)
(XH ~ Fog) (Hu)) - {Hu (ﬁﬂ) k=1, .., nl}, (46)
(XH ~ Fog) (Hu)> = {Hu (Ql]k*) Ck=ki, ..., kml} . 47)

3. The shape of the membership function u(§[?k) is also randomly specified according to the “empirical

distribution” of the shape of /(s ;) in S, o- This is realized with the aid of a parametric representation of
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]

the fuzzy sample elements S, ; and ;" in a zero-mean (in fuzzy terminology, see (Zimmermann, 1992))
form normalized to a unit maximum spread t,. In general terms,

E=5—s5,1, (48)
=L E 6= max |t (49)
T B
i (E™) = (P, s Pay) - (50)
The ”empirical distribution” of the shape is then represented by the smoothed joint empirical distribution
of the parameters p1, ..., Pn,»
£07i = SO’i - §O7i,lu,:17 1= 17 ...y, 110, (51)
B = — -fo tros = max [t i=1, ., no, (52
r,0,i tlp(to 1)>0
{n(t6)), i=1, .m0} = (F® (b1, . puy)) (53)
The random shape of new elements S[I]k is determined according to
s 0
(Xp ~ F® (o1, o pay) ) = {n (627) k=1, . i} (54)
and - N
(Xp ~ F@ (1, ey o)) = {0 (827) k=K, oo o (55)

respectively. The obtained new normalized fuzzy elements Lgnﬁ O and Lgnlz " are backtransformed

inverse to Egs. (48) and (49),

§[10L = Lfﬁ o o + ﬁﬂ,u:p k=1,.. ni, (56)
~[r]* n) [r]* r]t
5[17]1( = L§712[ ] ! t;,k + 5[17]1(7'“:17 k = kla ceey km17 (57)
with QBL =1 and éﬂi =1 from Eqs. (42) and (43) or (44). The spread factors t, . are obtained implicitely

]+

by the fuzziness H, (Sﬂ) and H, (S[flk ), respectively, specified according to Egs. (46) and (47).

The consideration of fuzzy samples requires incorporating the criterion Cg} into the iterative procedure. Tests
have shown that it is effective to perform the iteration for fuzzy samples in two parts. In the first part, only

the criteria C[l'] and C[Q'] are satisfied. Subsequently, the obtained element assignment and the mean value

positions are frozen. In the second part, criterion ct

the second iteration part, only the H, (S[l}k) and the shape of the membership functions of the fuzzy sample

elements SHk are adjusted. The iteration termination criterion is also applied separately in both iteration

parts.

is applied in a separate fuzziness iteration. That is, in
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5. Application to Structural Engineering Problems

5.1. GENERAL APPLICATION SCHEMES

The general concept of model-free sampling provides a beneficial basis for a coupling with structural
engineering computations in various ways. Generally, the following application schemes can be pursued
— separately or combined.

5.1.1. Processing of input data

Model-free sampling can be applied to crisp or imprecise input data of structural computations, in particular,
if the available data are rare, and a probabilistic model is not known to a sufficient degree of confidence.
The sampling result S, "P" or S 1 "Put then reflects the stochastic or fuzzy stochastic properties of the input
data in the form of a numerically generated data set of crisp or imprecise input vectors for further processing
in structural computations. This is equivalent to the result of a Monte Carlo simulation based on a known
probabilistic model for the input quantities. The coupling to structural computations can be realized as
follows.

—  The sampling result $"""" or S, P can be directly used for a subsequent stochastic or fuzzy stochas-
tic structural analysis to compute stochastic or fuzzy stochastic structural responses. It represents the
input sample, which contains nj input vectors §fﬁm or Slfjl}zut for a subsequent n;-fold structural analy-
sis. In the case of samples comprising imprecise data, the generalized uncertainty processing algorithms
presented in (Moller and Beer, 2004) may be applied. As results fuzzy probabilistic structural responses
are obtained, which are characterized by imprecise probability distributions with fuzzy parameters such

as a fuzzy mean and a fuzzy variation.

— As a postprocessing attached to a stochastic or fuzzy stochastic structural analysis based on the gener-
ated sample S1"P"* or §,"PUt, 4 safety assessment can be carried out by evaluating limit states in the
result space, which may be advantageous if limit state surfaces cannot be specified in the input space
for some reason. This is simply realized by counting those sample elements in the stochastic or fuzzy
stochastic structural responses, which lead to failure according to the defined limit states. The result is
obtained as a failure probability or a fuzzy failure probability. As a difference to traditional methods,
this procedure can involve imprecise sample elements, which is explained in Section 5.2.

— In contrast to the latter, a safety assessment can also be performed by evaluating limit state surfaces
in the input space. This is particularly useful if the underlying structural analysis to produce structural
responses is computationally expensive, and the limit state surfaces can be described in the space of the
structural input parameters, for example, within the framework of a response surface method. Again,
counting of the elements in the failure domain — with an evaluation of imprecise data according to
Section 5.2 — yields a failure probability or a fuzzy failure probability.

5.1.2. Processing of result data
The model-free sampling technique can also be used for processing result data from structural computations.
This can be instrumental if the set of structural response data is limited and cannot be described with a
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probabilistic model on a satisfying confidence level. Also, in the case of imprecise measurements of struc-
tural responses this method may be helpful. The stochastic or fuzzy stochastic properties of the structural
responses are then described with the aid of the numerical sampling result S;*"!* or S 175Ut of a sufficiently
large size n; — equivalent to the outcome from a Monte Carlo simulation with a sufficiently high number n
of structural analyses. As a prerequisite for obtaining reliable results in this manner, the underlying sample
of structural responses must comprise essential information about the properties of the computational model.
That is, physical, mechanical, or chemical phenomena that are effective in the underlying structural analysis
must be already reflected in the sample of structural responses for being reproduced in a subsequent model-
free sampling and thus in the final result result S;"*"!* or S, In correspondence with Section 5.1.1,
the following two approaches can be pursued for a coupling to structural computations.

— The uncertain structural responses from stochastic or fuzzy stochastic structural analysis can be in-
troduced into model-free sampling to obtain a sufficiently large sample size n; for describing crisp
or imprecise probability distributions of the responses empirically instead of performing a weak and
ambiguous distribution estimation.

— For a safety assessment, limit states in the result space can be directly evaluated with the aid of the
sampling result S, or §,""!* For the technique of counting fuzzy sample elements in the failure
domain, see Section 5.2.

5.2. RELIABILITY ASSESSMENT FOR IMPRECISE DATA

The application of model-free sampling may be particularly useful in reliability assessment as the available
data do usually not cover failure domains. It is thus of great interest in this application field to reproduce the
tails of the underlying probability distributions to obtain reliable estimations of failure probabilities.

Structural reliability assessment based on model-free sampling is realized as a straightforward exten-
sion to traditional methods. The sampling result S; or S, is directly evaluated with regards to the limit
states either in the input space or in the result space, see Section 5.1. That is, the structural reliability is
determined by counting the sample elements that lead to failure. For dealing with imprecise data, however,
this counting needs to be extended in an appropriate manner, see (Moller and Beer, 2004). Due to their
fuzziness, some fuzzy sample elements §, y lie only partly in the failure domain Sy, or, in the case of an
underlying computational model that involves model uncertainty as fuzziness (Moller et al., 2003), in the
fuzzy failure domain S;. This leads to a fuzzy failure probability P¢. For computing Py a-discretization is
applied again, see Section 4.2. Specifically,

Pt = {(Pra. #(Pra))},
Pf,a = [Pf,ab Pf,oar]a (58)
p(Pro) = aVae (0,1].

The interval bounds Pr 1 and P¢ . (see Figure 2 for general illustration) are calculated with the aid of
indicator functions and particular conditions for evaluating fuzzy realizations, see (Méller and Beer, 2004).
Specifically,

1 n =
Prai= & S0 Tar (Sia) »
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) 1if 8; o0 C St
o (812) = { ke = St (59)

0 otherwise

and
Pf,ozr = nill : er(llzl Lox (Sl,k> )
L. (Sl,k) _ { lif sy o NSpa #0 . (60)

0 otherwise

6. Examples

6.1. REAL-VALUED DATA

6.1.1. Sampling

A one-dimensional real-valued sample Sy of size ng = 200 is taken as the basis, see Figure 4. This is
numerically generated from a compound distribution consisting of two extreme value distributions of Ex-
Max type 1. The extreme values of the sample Sy are min_sg = 5.1 and maz_sg = 21.55.

An initial estimate Sl[o} is numerically generated according to Eq. (5) by uniformly distributing n; =
10,000 sample elements s; i over the interval D = [0, 25], see Figure 4. Then, the iteration Eq. (15) to
improve the generalized estimation Sl[o} is started. The number m; of modified elements is randomly selected
from the interval [a, b] = [5, 30], see Eq. (28), and frequently changed during the iteration. For generating

the new elements s[l];: the bootstrap-like method of Eq. (29) is applied. After about r = 4,000 iteration
steps the average success rate starts decreasing distinctly and attains the termination limit in iteration step
r = 4,710, see Figure 4.

Clearly, there is no visible difference between the empirical distribution functions of the samples Sy and
S1 = 51[4’710]. Homogeneity tests (Kolmogorov-Smirnov, Mann-Whitney, and chi-squared) yield rejection
probabilities of P < 0.012 for the Hy-hypothesis that both samples originate from the same population. The
tails of the generated sample S; run beyond the extreme values of Sy with min_s; = 3.26 and maz_s; =
24.01. A total of 39 elements s i are smaller than min sy = 5.1 and, and 48 elements s ) are bigger
than maz_sg = 21.55. The proportions of S} therewith correspond to an extreme value distribution with
a thicker tail on the right side than on the left side. Fisher’s exact probability test yields a probability of
P = 0.386 with which the Hy-hypothesis is not rejected. Further, the sampling result S; shows no clumping
of the generated sample elements s . around the original sample elements s ;, which has been verified by
investigating the distribution of the elements s; j within the ”gaps” between the original elements s ;.

Results generated via traditionally estimated probability distributions did not attain the quality level of
the present sample 5. Kernel-based estimation methods led to samples showing test results comparable to
the present approach. Their tails, however, did not run significantly beyond min_sy = 5.1 and maz_syp =
21.55 and were pre-determined in their form depending on the (subjectively) selected kernels. The same
applies to even generalized bootstrap methods. In contrast to that, the tails of S; from model-free sampling
are not influenced by subjectivity and obtained in a form with orientation to the structure of the underlying
sample Sy, which possesses significant importance in reliability assessment.
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empirical probability

distribution functions average success rate
1 i s Y i e e
S 470l ‘31[01_ win o, Yov, N
Y,
1WA
‘M\\
\
0 . 0
0.00 25.00 1 _4,0004,710
So, St iteration step r

Figure 4. Empirical distribution functions of So, SI[O], and 5’1[4’710]; average success rate (last 100 steps) during iteration

6.1.2. Reliability assessment

The reliability assessment is pursued by directly evaluating the sampling result .S; with respect to a given
limit state surface. Since the related procedures are well-known, these are not highlighted in the example.
Herein, it is focused on the dependency of the assessment result on the quality of the sampling result.

For demonstration, the observed sample Sy is interpreted as a possible record of a live load s resulting
from road traffic and acting on a structural member of a road bridge. The sampling result S} then represents a
statistical loading prognosis for future traffic. For defining a limit state surface, the serviceability requirement
s =22 is defined.

The empirical failure probability obtained from sample Sy is P¢ = 0, whereas the sampling result S}
yields Py = 3.4 - 1073, A compound probability distribution estimated from S without additional prior
knowledge leads to Py = 1.7-1073. According to the underlying extreme value distribution Py = 8.9-1073
is obtained. These results indicate a good agreement between the prognoses from traditional approaches and
from model-free sampling.

6.2. IMPRECISE DATA

6.2.1. Sampling

As a starting point the sample Sy from Section 6.1 is "fuzzified" to represent an uncertain measurement
series, for example, of a live load, see Section 6.1.2. That is, the underlying bimodal distribution from
Section 6.1.1 is retained for the mean values sq; ,—1. The resulting fuzzy sample Sy consists of ng = 200
fuzzy triangular numbers with fluctuating fuzziness H, (50;) over the sample elements 3y ;; for relevant
concepts and terminology see (Bandemer and Néther, 1992) and (Moller and Beer, 2004). An initial estimate

NI[O} of size n; = 10,000 is generated in compliance with Section 4.4 starting from uniformly distributed

mean values S[IOL u=1 and restricting the fuzzy sample elements completely to §[IOL C [0, 25], see Figure 5.
Again, the iteration in carried out with a randomly selected number m; € [5, 30] of modified elements. First,

the dissimilarity measure G (C[l'], Cg}), see Eq. (27) with the extension from Section 4.2, is minimized in

5,990 iteration steps. The empirical fuzzy probability distributions of Sy and 5’1[5’990] agree very well. How-

ever, there is almost no correspondence between the fuzziness H,, (39) and H, (é[f’i{g%]) of the respective
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fuzzy sample elements, see Figure 5. The subsequent fuzziness iteration (minimization of criterion C:[g'] up
to iteration step r = 16,150) almost does not affect the empirical distribution, but improves considerably the
fuzziness agreement, see Figure 5.

empirical fuzzy probability distribution functions
1 =

-8
§1[16,150] i
31[5‘390 -
/4 S
ep=0
o= hS
0 7 25
8fuzziness H, i
]
INCAE ———
I o WA
0 o s
0 25
8

0
0 25
Sq
8lfuzziness H,
Hu(§1[16,150]) WM
0 -
0 25

5,990]
s

Figure 5. Empirical fuzzy probability distribution functions of So. 5'1[0], 5'1[ and 5'1[16’150]; fuzziness H, of the associated

fuzzy sample elements

6.2.2. Reliability assessment 3

The serviceability requirement s = 22 specified in Section 6.1.2 is evaluated with the fuzzy samples Sy and
S = §1[16’150]. The fuzzy failure probability Py is computed according to Eqgs. (58), (59), and (60) with
eleven a-levels, see Figure 6. Whereas sample Sy yields an almost useless result with an overestimated
fuzziness, sample S) leads to a more meaningful result. The probability values covered by P from S; again
comprise a reasonable range with respect to the results from traditional estimations and from the underlying
distribution for the mean values s ; ,—1 presented in Sect. 6.1.2.

7. Conclusions

The presented model-free sampling technique may be useful if the data bank comprises, solely, a small sam-
ple with uncertain or imprecise elements. It operates free of a probability model, is capable of considering
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u(P;) obtained from §0 u(P;) obtained from §|
1 1

0
10* 10° 102 P 10* 10° 102 P
Figure 6. Empirical fuzzy failure probability obtained from Sy and from Sy

randomness and non-stochastic uncertainty simultaneously, and can be attached to engineering computations
that involve uncertainty in various schemes.

Beyond the demonstrated capabilities in the one-dimensional case, promising experiences have al-
ready been made in processing vector valued data including nonlinear stochastic dependencies. A further
consideration of multidimensional problems for fuzzy valued data is pursued.
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